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Abstract
In this paper we study the b-chromatic number of a graph G. This number is de0ned as
the maximum number k of colors that can be used to color the vertices of G, such that we
obtain a proper coloring and each color i has at least one representant xi adjacent to a vertex of
every color j, 16 j = i6 k. The main result is the determination of two lower bounds for the
b-chromatic number of the cartesian product of two graphs.
c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
We consider graphs without loops or multiple edges. Let G be a graph, with vertex
set V and edge set E. The order of G will be denoted by n and the size by m. We
denote by dG(x) the degree of the vertex x in G, by (G) (resp. (G)) the maximum
(resp. minimum) degree and by (G) the stability number of G. At last, we denote by
G(x) the open neighborhood of the vertex x in G.
The cartesian product of two graphs G=(V1; E1) and H=(V2; E2), denoted by G H
has vertex set V1×V2, and the neighborhood of each vertex (x1; x2) is ((x1; x2))= ({x1}
×H (x2))∪ (G(x1)×{x2}):
Many parameters involving vertices or edges coloring have been studied [3].
In this paper, we de0ne a k-coloring of G as a function c de0ned on V (G) into a
set of colors C = {1; 2; : : : ; k} such that any two adjacent vertices have di>erent colors.
The minimum cardinality k for which G has a k-coloring is the chromatic number
(G) of G. The term proper coloring is sometimes used when one wants to insist on
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the condition c(x) = c(y) for all xy∈E(G). The parameter (G) has been extensively
studied by many authors. One of the most important results is: (G)6(G)+1 (Brooks,
1941). It is also well-known that a graph is 2-colorable if and only if it is bipartite
(KIonig, 1916,1936).
We consider colorings of G satisfying the following property P: for each i; 16i6k,
there exists a vertex xi of color i such that for all j = i; 16j6k there exists a vertex
yj of color j adjacent to xi. We will say that such a vertex xi is a dominating vertex
of the color i, that a coloring satisfying P is a dominating coloring. These two terms
are referred as b-chromatic vertex and b-chromatic colouring in [2] respectively. At
last, we say that the set {x1; x2; : : : ; xk} is a k-dominating system.
In this paper, we are interested in the b-chromatic number ’(G) de0ned as the
largest number k for which G has a k-coloring containing a k-dominating system.
This parameter has been introduced by R.W. Irving and D.F. Manlove, by considering
proper colorings that are minimal with respect to a partial order de0ned on the set of all
the partitions of V (G) [2]. They proved that determining ’(G) is NP-hard for general
graphs, but polynomial for trees.
2. Properties of ’(G)
2.1. Some examples and properties
Let us give an immediate but useful remark: for any graph G, (G)6’(G)6
(G) + 1.
Proposition 1. If Sn; Kn; Pn; Cn are respectively the stable graph, the complete graph,
the path and the cycle on n vertices, then ’(Sn)= 1; ’(Kn)= n, ’(Pn)=’(Cn)= 3,
∀n¿5.
Proposition 2. For every n; p∈N, we have ’(Kn;p)=2, where Kn;p is a complete
bipartite graph.
Proof. Let V (Kn;p)=A∪B with A= {a1; a2; : : : ; an}, B= {b1; b2; : : : ; bp}. As 6’, we
set ’(Kn;p)= h¿2. W.l.o.g., suppose a1 is the dominating vertex of color 1 in a
dominating coloring in h colors. So, the colors 2; 3; : : : ; h appear in B, and then each
ai; 26i6n has color 1. Consequently, the vertices bj; 16j6p cannot dominate an-
other color than 1, and then h=2.
We remark that for every integer b¿3, there exists a tree T of height 2 with (T )= 2
and ’(T )= b: a root has color 1, its b− 1 sons have colors 2; 3; : : : ; b, the ith one has
b−2 sons and they have the colors 2; 3; : : : ; i−1; i+1; · · · b. So the di>erence between
the two parameters ’ and  is not bounded, as already observed in [2].
An important remark is the following one: a graph G can have a dominating coloring
with p colors, not any with p+ 1 and again one with p+ 2 colors: see for example
the 3-cube Q3 with =2; ’=4 and Q3 has no 3-dominating coloring. In other words,
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in a graph with ’(G)= b, there may be no dominating coloring with b− 1 colors: ’
is not an interpolating invariant, as already noticed in [2].
Proposition 3. If G is a non connected graph with connected components C1; : : : ; Cp,
we have ’(G)¿max(’(Ci); 16i6p).
The inequality is obvious.
On the other hand, the di>erence between the two members of this inequality is
not bounded: consider the graph H consisting of p vertex-disjoint stars, each one of
order p. We have ’(H)=p=max(’(Ci)) + p− 2.
Remark that if ’(G)= b, there are at least b vertices of degree at least b− 1. This
was noticed in [2] and will be useful in what follows. As the proof of this proposition
is easy, we give it here.
Proposition 4. Suppose {x1; x2; : : : ; xn} is the set of vertices of G, ordered in nonin-
creasing order of their degrees. Then ’6t, where t=max{i: i − 16d(xi)}.
Proof. The proof is by contradiction. Suppose ’(G)¿t + 1 then there exists at least
’(G) vertices of degree no smaller than ’(G)− 1¿t. So, d(x1); d(x2); : : : ; d(xt+1)¿t,
a contradiction with the de0nition of t.
2.2. Bounds on ’(G)
The lower bounds on  are available for ’; let us recall the following ones: n=;
n2=(n2 − 2m), n=(n− ) [1].
Proposition 5. Let G be a connected graph of stability number . Then ’(G)6
n+ 1− .
Proof. Let S be a stable set of G, of order . In a dominating coloring of G with
b=’(G) colors, p colors are used in S, say 1; 2; : : : ; p where 16p6.
• If p=1, as S is a maximum stable set, any x∈V (G)\S is adjacent to a vertex of
S, so adjacent to the color 1. As ’(G\S)6n− , we get ’(G)6n+ 1− .
• If p¿2, let i∈Ip= {1; 2; : : : ; p}, and xi be any dominating vertex of color i. If for
at least one color i of Ip, xi∈S, then at least p− 1 vertices of G\S are colored by
Ip\{i}. If not, for each i∈Ip, xi =∈S, so at least one vertex of G\S is colored by i.
Then, in any case, at least (p−1) vertices of G\S are colored by Ip. So, the number
of other colors is at most (n− )− (p− 1). This implies ’(G)6n− + 1.
This bound is achieved by the graph consisting of a stable set Sp, a complete graph
Kn−p and all the edges between them (in other words the join of Sp and Kn−p).
It is well-known that n + 1 −  is also an immediate upper bound for  (see for
example [1]).
Proposition 6. For any graph G of size m, we have ’(G)6 12 +
√
2m+ 14 .
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Proof. Let {xi; 16i6n} be the set of vertices of G.
The inequality follows immediately from 2m¿
∑n
i=1 d(xi)¿’(’− 1).
Remark. As (G)6’(G), we get (G)6 12 +
√
2m+ 14 = h. It is well-known that
(G)61 +
√
2m− 2m=n= Lh. Let us show that h6Lh, then h slightly improves on the
bound Lh for . Indeed, the inequality h6Lh is equivalent to
√
2m+ 14− 126
√
2m− 2m=n,
that is 2m6n2−n, obvious. It is possible that Lh=h+1: choose m=(n−1)=8, with
n∈((2k + 12)2; (2k + 1)2) for some k. We have in this case h= k and Lh= k + 1.
2.3. Inequality of “Nordhaus-Gaddum”-type for ’(G)
Theorem 1. Let G be a graph of order n and LG its complement. Then ’(G) +
’( LG)6n+ 1.
Proof. To simplify, denote ’=’(G) and L’=’( LG) and consider dominating coloring
of G and LG of cardinality ’ and L’ respectively.
For any dominating vertex x in G, we have dG(x)¿’− 1, so d LG(x)6n− ’. Each
color class Ci of G gives a complete graph Kni in LG.
Case 1. There exists i such that for every y in Kni , y is a dominating vertex in the
dominating coloring of LG. By choosing y= xi, where xi is a dominating vertex of the
color i in G, we get: L’− 16d LG(xi)6n− ’ and so ’+ L’6n+ 1.
Case 2. For every i, there exists y in Kni not a dominating vertex in the coloring
of LG. Then, L’6
∑’
i=1 (ni − 1)= n− ’ and so ’+ L’6n.
Remark 1. The bound is achieved for example by the join of the stable set Sp and the
complete graph Kn−p:
Remark 2. The upper bound n+ 1 is also a bound for (G) + ( LG).
Using the two inequalities ’ L’¿ L¿n and ’+ L’6n+ 1, we get as a corollary of
the previous theorem
’ L’6
(n+ 1)2
4
and ’+ L’¿2
√
n:
Note that the bound on ’ L’ is tight, as seen by the bipartite graph K(n+1)=2;(n−1)=2
minus a maximum matching.
3. Cartesian product and ’(G )
Proposition 7. If K1;p, Pp, Kp are respectively the star on p+1 vertices, the path and
the complete graph on p vertices, then
(a) ’(K1; n K1; n)= n+ 2 if n¿2,
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(b) ’((K1; n Pk)=min(k; n + 3); n¿3; k¿4 except the cases k = n + 3, k = n + 4,
where ’((K1; n Pk)= n+ 2;
(c) n6’(Kn Kp)6p(p−1) if p6n¡p(p−1); and ’(Kn Kp)= n if n¿p(p−1).
Proof. (a) Let G=H=K1; n. Clearly, ’(G H)6n + 2, as G H has one vertex of
degree 2n, 2n vertices each of degree n+1 and all other vertices of degree 2. Now, let
xi, yi, 16i6n+1 be the vertices of G;H respectively, where, for each i, 26i6n+1,
x1 is joined to xi in G, y1 to yi in H . Construct a dominating coloring c of G H
with n+ 2 colors as follows (see Fig. 1(a) below). Let c(xi; y1)= i, 16i6n+ 1. For
each i, 16i6n + 1 and for each j, 26j6n in turn, let c(xi; yj)= c(xi; yj−1) + 1 if
c(xi; yj−1)6n + 1, and let c(xi; yj)= 2 otherwise. Finally, let c(x1; yn+1)= n + 2, let
c(x2; yn+1)= n+ 1, and let c(xi; yn+1)= i − 1; 36i6n+ 1.
The dominating vertices are the (x1; yi), 16i6n+ 1 and (xn+1; y1).
(b) Let b=’(K1; n Pk), with n¿3, k¿4. In the graph K1; n Pk , there are k − 2
vertices each of degree n+2, 2 vertices of degree n+1 and all other vertices each of
degree at most 3.
First case: 46k6n + 2. We have no k + 1 vertices of degree at least k. So, we
have b6k. On the other hand, there exists a dominating coloring with k colors and so,
b= k (see Fig. 1(b) below in the case n= k−2; for n¿k−1¿3, we add successively
copies of the second column and of the third one). The dominating vertices are the
(xi; y1), 16i6k.
Second case: k = n + 3 or n + 4. If b= n + 3, we need at least n + 3= k or k − 1
vertices of degree each at least n + 2, a contradiction, so b6n + 2. There exists a
(n + 2)-dominating coloring of the graph, so b= n + 2 (see Figs. 1(c) and (d)). The
dominating vertices are the (xi; y1), 16i6n+ 2.
Third case: k¿n+5. We have no n+4 vertices of degree at least n+3, thus b6n+3.
There exists a (n + 3)-dominating coloring of the graph, so b= n + 3=min(k; n + 3)
(see Fig. 1(e) in the case k = n+ 5; for k¿n+ 6, we start with the previous scheme,
and add successively a copy of the third line and the fourth one). The dominating
vertices are the (xi; y1); 26i6n+ 4.
(c) Let G=Kn Kp and suppose p6n. It is easy to 0nd a dominating color-
ing of the graph G with n colors: we color the 0rst copy of Kn by {1; 2; : : : ; n},
and use circular permutations for the other copies (see Fig. 1(f) where p=3 and
n=4). So, ’(Kn Kp)¿max(n; p)= n. If ’(Kn Kp)= n, then (c) is satis0ed. If
’(Kn Kp)¿n+ 1, let us show that ’(Kn Kp)6p(p− 1).
Consider a b-dominating coloring of G and let C1 be a copy of Kn which contains
the maximum number b1 of dominating vertices. So, b1¿’(Kn Kp)=p. The copy C1
has necessarily n colors, say 1; 2; : : : ; n. Each dominating vertex belonging to C1 must
be adjacent to a vertex of color n + 1; this color appears at most one time in the
same copy of Kn, so at most p− 1 vertices are colored by n+ 1 in G. It follows that
b16p − 1, and then ’(Kn Kp)6p(p − 1) and then n¡p(p − 1). If n¿p(p − 1),
we get a contradiction, so in this case, ’(Kn Kp)= n.
Proposition 8. ’(G H)¿max(’(G); ’(H)):
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Fig. 1. In the 0gures dark dots represent dominating vertices.
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Proof. Suppose ’(G)=p¿q=’(H): The graph G is colored say with 0; 1; : : : ; p− 1
and H with 0; 1; : : : ; q − 1. Then we color the vertex (x; y) of G H with (i + j)
modulo p if the color of x is i and that of y is j. Choose one layer, corresponding to
some y with color 0, we get a copy of G where the dominating condition is satis0ed.
Moreover, the endvertices of any edge in G H have distinct colors: consider an edge
((x; y1); (x; y2)), as (y1; y2)∈E(H), then the colors of y1 and y2 are di>erent. The
reasoning is similar for an edge ((x1; y); (x2; y)).
Remark. As seen in Proposition 7, we have equality in the previous relation if G=Kn,
H=K2; n¿2, but in the general case, the di>erence between the two members is not
bounded: consider the star K1; n=G=H ; we have ’(G)=’(H)= 2, but ’(G H)=
n+ 2.
Theorem 2. Let G and H be two graphs such that G has a ’(G)-stable dominat-
ing system, and H has a ’(H)-stable dominating system. Then ’(G H)¿(’(G) +
’(H) − 1); and the graph G H has a (’(G) + ’(H) − 1)-stable dominating
system.
Proof. Let b1 =’(G); b2 =’(H). We can suppose 26b16b2, the case b1 = 1 is done
by proposition 8.
De0ne g; h to be stable dominating colorings of G;H using b1; b2 colors respectively.
So, g(x); h(y) denotes the color of vertices x; y of G;H in these colorings respectively.
We then extend these colorings in order to de0ne a coloring c that will de0ne a
(b1 + b2 − 1)-stable dominating system of G H :
Let S1 (resp. S2) be a stable dominating system of G (resp. H) in this dominat-
ing coloring g (resp. h) using colors 0; 1; : : : ; b1 − 1 (resp. 0; 1; : : : ; b2 − 1) and let
U1=V (G)\S1 (resp. U2=V (H)\S2): As 26b16b2, we have U1 =∅ and U2 =∅. Let
us denote S1 = {x0; x1; : : : ; xb1−1} and S2 = {y0; y1; : : : ; yb2−1} where each of xi; yj has
color i; j in G;H respectively (06i6b1 − 1; 06j6b2 − 1).
We can represent G H as follows (see Fig. 2(a)), where Gi; 06i6b2 − 1 are the
copies of G corresponding to S2, and Hj, 06j6b1−1 are the copies of H corresponding
to S1.
In each of the cases below, we keep the coloring {0; 1; : : : ; b1 − 1} in the 0rst copy
G0 of G.
Case 1: 36b1¡b2.
Consider 0rst the copies of G corresponding to S2 (except the 0rst one). In the
(i + 1)th copy of G, namely Gi, 16i6b2 − 1, we keep the coloring of G, except for
the color 0 which is replaced by b1 + i − 1.
In every copy of G corresponding to y∈U2 and h(y)= 0, we keep the color 0 and
make a circular permutation on {1; 2; : : : ; b1 − 1}.
In every copy of G corresponding to y∈U2 and h(y) =0, we set
c(x; y)= [(g(x) + h(y)− 1) modulo (b2 − 1)] + b1 (see Fig. 2(b)).
In this 0gure, the coloring of T (resp. T ′) is the same as that of S1×S2 (resp.
S1×U2), and for simplicity, each color class of U1 (resp. U2) is represented as an oval
vertex.
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Fig. 2. (continued)
Let us prove that c gives a proper coloring of G H : 0rst, there is no edge between
Gi and Gj with 06i¡j6b2− 1, and between Hi and Hj with 06i¡j6b1− 1. Let us
now consider an edge ((x; y); (x′; y′)) in G H . In the case y=y′, then (x; x′)∈E(G),
so g(x) = g(x′), and as b1¡b2, we get c(x; y) = c(x′; y). All the other cases are easily
computed.
On the other hand, it is immediate that the set composed by the 0rst line and the
0rst column of S1×S2 is a dominating system of cardinality b1 + b2 − 1 in G H :
In G0, the vertex of S1 with color j; 06j6b1 − 1 is adjacent to the colors of the
set {0; 1; : : : ; b1 − 1}\{j} in G0 and to [(j + k) modulo (b2 − 1)] + b1, 06k6b2 − 2,
hence to the colors of the set b1; b1 + 1; : : : ; b1 + b2 − 2 in Hj.
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In H0, the vertex of S2 with color b1 + j, 06j6b2 − 2 is adjacent to the colors of
the set {1; 2; : : : ; b1 − 1} in U1 and to the set {0; b1; b1 + 1; : : : ; b1 + b2 − 2}\{b1 + j}
in H0.
Case 2: b1=b2=b¿2. The coloring of G H is obtained by a similar construction
as in the 0rst case (see Fig. 2(c) where b=2 and Fig. 2(d) where b¿3).
Case 3: b1= 2 and b2¿3 (see Fig. 2(e)).
Remark 1. If the hypothesis of the stability of dominating systems is not ful0lled, the
result may be false as it has been seen previously for G=Kn; H=Kp; with n¿p(p−1),
for example p=2 (Proposition 7).
Remark 2. The inequality of Theorem 2 is still true if S1 is not a stable set and
26’(G)¡’(H).
Corollary 1. We have ’(Q1)=’(Q2)= 2 and ’(Qn)= n + 1, n¿3, where Qn is the
hypercube of dimension n.
Proof. As (Qn)= n, it is suNcient to 0nd a dominating coloring of Qn with n + 1
colors for n¿3.
Case n=3k, with k¿1. ’(Q3)= 4 as seen in Fig. 3(a) below, and we have a
stable dominating system. The result is then immediate for k¿2, by induction, using
Theorem 2. This case gives an in0nite family of graphs attaining the lower bound of
Theorem 2.
Case n=3k+1 with k¿1. We note that Q3k+1 =Q1 Q3k+1, so by using Remark 2
above and the previous case, we get the result.
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Case n=3k + 2 with k¿1. ’(Q5)= 6 as seen Fig. 3(b) below, and we have a
stable dominating system in Q5. Then, for k¿2, as Q3k+2 =Q3(k−1) Q5, the result is
immediate.
Corollary 2. ’(Cn Cn′)=’(Cn Pk)=’(Pk Pk′)= 5 for n; n′¿6, k; k ′¿7.
Proof. Recall from Proposition 1 that ’(Cj)=’(Pj)= 3, ∀j¿5. For n, n′¿6 and k,
k ′¿7, the graphs have stable dominating systems and we apply Theorem 2. On the
other hand, the maximum degree of the graphs is 4, and then we get the equality.
Problems. Interesting problems should be to characterize the graphs G such that
’(G)= t(G) (see the de0nition of t in Proposition 4).
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